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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
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being a a continuous function.
here b(y) = y so using (S)∫ y
y0
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z
dz =
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x0
a(s) ds =⇒ ln y
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x0
a(s) ds
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
here b(y) = y so using (S)∫ y
y0
1
z
dz =
∫ x
x0
a(s) ds =⇒ ln y
y0
=
∫ x
x0
a(s) ds
y = y0 exp
(∫ x
x0
a(s) ds
)
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For instance if a(x) = −x
2
the initial value problemy
′(x) = −x
2
y(x)
y(0) = 1
(E1es)
ha solution
y(x) = e−
x2
4
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
here b(y) = y2 so using (S)∫ y
y0
1
z2
dz =
∫ x
x0
a(s) ds
−1
y
+
1
y0
=
∫ x
x0
a(s) ds
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so that
y =
1
1
y0
−
∫ x
x0
a(s) ds
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so that
y =
1
1
y0
−
∫ x
x0
a(s) ds
For instance if a(x) = −2x the initial value problemy′(x) = −2x y2(x)y(0) = 1 (E2ap)
has solution
y =
1
1 + x2
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Exercises Solve the equations

y′′(x) =
1
y′(x)
y(0) = 0
y′(0) = 1
(a)
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First order equations Consider the differential equationy′(x) = α(x)y(x) + β(x)y(x0) = y0 (L)
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Functions α(x), β(x) are continuous in the interval I ⊂ R
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First order equations Consider the differential equationy′(x) = α(x)y(x) + β(x)y(x0) = y0 (L)
Functions α(x), β(x) are continuous in the interval I ⊂ R
(L) is said linear differential equation of first order. We are able to
establish a formula for its integration as well as we do for the separable
equation
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Theorem Unique solution to (L) is given by the formula:
y(x) = e
∫ x
x0
α(t)dt
y0 +
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
dt

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Theorem Unique solution to (L) is given by the formula:
y(x) = e
∫ x
x0
α(t)dt
y0 +
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
dt

We will prove the theorem later. Now we give an example of its
application
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1∫ x
x0
α(t)dt
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1∫ x
x0
α(t)dt =
∫ x
0
3s2ds
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1∫ x
x0
α(t)dt =
∫ x
0
3s2ds = x3
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1∫ x
x0
α(t)dt =
∫ x
0
3s2ds = x3
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1∫ x
x0
α(t)dt =
∫ x
0
3s2ds = x3
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
dt =
∫ x
0
tet
3
e−t
3
dt
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Exercise 
y′(x) = 3x2y(x) + xex
3
y(0) = 1∫ x
x0
α(t)dt =
∫ x
0
3s2ds = x3
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
dt =
∫ x
0
tet
3
e−t
3
dt =
x2
2
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y(x) = e
∫ x
x0
α(t)dt
y0 +
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
dt

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y(x) = e
∫ x
x0
α(t)dt
y0 +
∫ x
x0
β(t) e
−
∫ t
x0
α(r)dr
dt

Thus
y(x) = ex
3
(
1 +
x2
2
)
11/16 Pi?
22333ML232
Constant coefficients equationy′(x) = ay(x) + by(x0) = y0
has solution
y(x) =
(
y0 +
b
a
)
ea(x−x0) − b
a
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Exercises y
′(x) = 2y(x) + e2x
y(0) = 0
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Exercises y
′(x) = 2y(x) + e2x
y(0) = 0
solution y(x) = xe2x
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Exercises y
′(x) = 2y(x) + e2x
y(0) = 0
solution y(x) = xe2x y
′(x) =
1
x
y(x)− lnx
x
y(1) = 1
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Exercises y
′(x) = 2y(x) + e2x
y(0) = 0
solution y(x) = xe2x y
′(x) =
1
x
y(x)− lnx
x
y(1) = 1
solution y(x) = 1 + lnx
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To arrive at formula (L) we first examine the case β(x) = 0 so that
(L) reduces to y′(x) = α(x)y(x)y(x0) = c (Lh)
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To arrive at formula (L) we first examine the case β(x) = 0 so that
(L) reduces to y′(x) = α(x)y(x)y(x0) = c (Lh)
(Lh) is separable so that its solution is y(x) = ceA(x), where A(x):
A(x) =
∫ x
x0
α(t)dt.
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To arrive at formula (L) we first examine the case β(x) = 0 so that
(L) reduces to y′(x) = α(x)y(x)y(x0) = c (Lh)
(Lh) is separable so that its solution is y(x) = ceA(x), where A(x):
A(x) =
∫ x
x0
α(t)dt.
If x0 ∈ I then the function y(x) = y0eA(x) satisfies the differential
equation (Lh) and passes through the point (x0, c)
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To find the solution of the differential equation (L) we shall use the
method of variation of parameters due to Lagrange. In y(x) = ceA(x)
we assume that c is a function of x and search for c(x) so that y(x) =
c(x)eA(x) becomes a solution of the differential equation (L). For this,
setting y(x) = c(x)eA(x) into (L), we find
y′(x) = c′(x)eA(x) + c(x)α(x)eA(x).
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To find the solution of the differential equation (L) we shall use the
method of variation of parameters due to Lagrange. In y(x) = ceA(x)
we assume that c is a function of x and search for c(x) so that y(x) =
c(x)eA(x) becomes a solution of the differential equation (L). For this,
setting y(x) = c(x)eA(x) into (L), we find
y′(x) = c′(x)eA(x) + c(x)α(x)eA(x).
Now imposing that this function solves (L) we find out
c′(x)eA(x) + c(x)α(x)eA(x) = α(x)c(x)eA(x) + β(x)
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To find the solution of the differential equation (L) we shall use the
method of variation of parameters due to Lagrange. In y(x) = ceA(x)
we assume that c is a function of x and search for c(x) so that y(x) =
c(x)eA(x) becomes a solution of the differential equation (L). For this,
setting y(x) = c(x)eA(x) into (L), we find
y′(x) = c′(x)eA(x) + c(x)α(x)eA(x).
Now imposing that this function solves (L) we find out
c′(x)eA(x) + c(x)α(x)eA(x) = α(x)c(x)eA(x) + β(x)
thus
c′(x) = β(x)e−A(x) (c)
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integrating (c) between x0 and x we obtain
c(x) =
∫ x
x0
β(t)e−A(t)dt+ constant
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integrating (c) between x0 and x we obtain
c(x) =
∫ x
x0
β(t)e−A(t)dt+ constant
In such a way solution to (L) is
y(x) = eA(x)
(∫ x
x0
β(t)e−A(t)dt+ constant
)
15/16 Pi?
22333ML232
integrating (c) between x0 and x we obtain
c(x) =
∫ x
x0
β(t)e−A(t)dt+ constant
In such a way solution to (L) is
y(x) = eA(x)
(∫ x
x0
β(t)e−A(t)dt+ constant
)
Evaluating y(x0) we see that constant = y0 and thesis follows
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Exercise A differential equation of the form
y′(x) = α(x)y(x) + β(x)ys(x) (B)
is called Bernoulli differential equation. Assume s 6= 0, 1 so that
(B) it is not a linear equation.
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Exercise A differential equation of the form
y′(x) = α(x)y(x) + β(x)ys(x) (B)
is called Bernoulli differential equation. Assume s 6= 0, 1 so that
(B) it is not a linear equation.
Hint: solve (B) using the same approach followed for linear equa-
tion imposing a solution of the form y(x) = c(x)eA(x) obtaining the
separable equation for c(x)
c′(x) = β(x)e(s−1)A(x)cs(x)
